The inverse Weibull (IW) distribution has an ability to model failure rates which are quite common in reliability studies. The three-parameter generalized inverse Weibull (GIW) distribution is a promoted form of the inverse Weibull distribution which is mainly used in reliability lifetime data analysis, such as the wear life of mechanical components. With the limited lifetime data, it is difficult to estimate the accurate parameters of the GIW distribution, but we can get the imprecise ones. According to the imprecise Bayesian inference, this paper proposes a new imprecise model called imprecise Gamma-generalized inverse Weibull model, which can do reliability analysis for the component of the robotic device with incomplete lifetime data. Compared to other methods, this imprecise model can be applied to computing reliability measures when the number of events of interest or observations are very small and can provide the effective way of interval estimation. The detailed theoretical derivations for imprecise Gamma-generalized inverse Weibull model are introduced in this paper. Moreover, the impact of some parameters on the proposed model, such as the parameter s and available lifetime data size N, as well as the scale parameter and the shape parameter are also depicted. Furthermore, some convergences of the proposed model are also introduced and proved. Finally, the experimental using simulation lifetime data for the component of the robotic device validate the availability of the proposed model.
I. INTRODUCTION
Robotic devices have its' broad application prospects in both medical rehabilitation and military fields, many studies and achievements have been made on this issues of mechanical design, kinematics analysis, control, and machine learning [1] . Uncertainty is ubiquitous in engineering systems during the systems' lifecycle [2] . In order to improve the available state of robotic system, it is important to research the component reliability of the robotic device.
The inverse Weibull (IW) distribution is a lifetime probability distribution which is common used in the reliability engineering [3] - [8] . Keller and Kamath (1982) studied the shapes of the density and failure rate functions for the basic inverse model [9] . The characteristics and application about the inverse Weibull distribution have been described in detail in Musleh and Helu [10] and Shafiei et al. [11] . The generalized inverse Weibull (GIW) distribution was introduced by
The associate editor coordinating the review of this manuscript and approving it for publication was Yi Chen. Drapella (1993) [12] , Mudholkar and Kollia (1994) [13] , and De Gusm˜ao et al. (2011) [14] . According to [15] , the mathematical techniques for model validation can be classified into two main categories which are Maximum Likelihood Estimation (MLE) approach and Bayesian approach. For the parameters estimation of a certain distribution, the maximum likelihood method [16] , [17] is usually used, but this method is mainly based on large number theory. However, due to the fact that most of the components and systems have long lifetimes and low failure rates, the end-of-life failures for estimating these parameters are scarce, leading to incomplete lifetime data [18] . Aiming at the estimation of the parameters with a small number of data, the imprecise models based on the imprecise Bayesian inference method was proposed by L.V. Utkin and I. Kozine [19] , containing imprecise Dirichlet, imprecise negative binomial, gamma-exponential and normal models. Similarly, using imprecise Bayesian inference, a novel imprecise model called Weibull-Gamma model based on the Weibull distribution was introduced and studied by Liu et al. [20] . However, the Weibull distribution VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ cannot provide a satisfactory parametric fit for those lifetime distributions with non-monotone or unimodal failure rate functions [21] - [23] . The density and the hazard function of the IW distribution can be unimodal or decreasing, hence, if the empirical studies indicate that the hazard function may be unimodal, then the GIW distribution may be an appropriate model [24] . The component reliability has an important impact on the system reliability. Based on the three-parameter GIW distribution, this paper proposes a new imprecise model called imprecise Gamma-generalized inverse Weibull model, which can do component reliability analysis for the robotic device with the incomplete lifetime data. The remaining parts of this paper are organized as follows. Section II briefly reviews the three-parameter GIW distribution. In Section III, a new imprecise model called imprecise Gamma-generalized inverse Weibull model for analyzing the lifetime data is theoretically derived. Moreover, the impact of some parameters on the imprecise model is discussed in Section IV. To verify the availability of the proposed model, experimental tests are conducted in Section V. Finally, conclusions and future research directions drawn in Section VI.
II. THE THREE-PARAMETER GENERALIZED INVERSE WEIBULL DISTRIBUTION
If the random variable X has the three-parameter GIW distribution [14] , then the probability density function (PDF) of the GIW distribution can be defined by
where a is the scale parameter, b is the shape parameter and c is the shift parameter. The cumulative distribution function (CDF) of the GIW distribution is given by
The reliability function R (x) is defined as the probability of component or system survival until time x, and it can be expressed as
The k-th moment of X can be given by
Then the expectation of X can be expressed as
where (·) is the gamma function.
III. IMPRECISE GAMMA-GENERALIZED INVERSE WEIBULL MODEL A. DERIVATIONS FOR THE IMPRECISE MODEL
In this section, we focus on the derivations of imprecise Gamma-generalized inverse Weibull model. This imprecise model can be used to estimate the upper and lower bounds of functions and the intervals of mean life for the three-parameter GIW distribution. Supposing that the robotic component's lifetime X obeys the three-parameter GIW distribution denoted by X ∼ GIW (a, b, C), and a, b, C are the scale parameter, the shape parameter and the shift parameter, respectively. Then the PDF, the CDF and the reliability function of X can be given by
where parameters a, b, and C are positive.
It should be noted that, during the inference procedure of the proposed method, the shift parameter C is unknown, while the scale parameter a and shape parameter b can be estimated imprecisely in advance. Before obtaining the sample data, the shift parameter C can be regarded as a random variable for it can be any positive numbers. Supposing that the shift parameter C follows the Gamma distribution with parameters α and β, then the prior distribution of C can be given by
Representing x = (x 1 , x 2 , . . . , x N ) with the lifetime data sampled from the same statistical population. Because of the independence among x 1 , x 2 , . . . , x N , by using the Bayesian formula, the posterior distribution of C can be expressed as
Submitting (6) and (9) into (10) leads to
which gives the posterior distribution of C under the condition of x. Moreover, the CDF under the condition x can be obtained from
Submitting (7) and (11) into (12), then we can obtain the imprecise model of CDF, that is
And the reliability function under the condition of x can be calculated by
By combining (13) with (14), then we have
In addition, the expectation with the lifetime data x can be expressed as
According to (5) , we can know that under the condition of x, E (X |c) is given by
By combining (11) and (17) with (16), we can obtain the imprecise model of expectation as
For brief, the detailed steps for obtaining (18) are not given herewith. More details about (18) can be founded in the Appendix 1.
B. UPPER AND LOWER BOUNDS OF THE IMPRECISE MODEL
In order to determine the upper and lower bounds of the imprecise model, the parameter s is introduced. As shown in Fig. 1 , the set of values of parameters α and β in the square with vertices (0, 0), (s, 0), (0, s), (s, s), and the parameter s > 0 can be interpreted as determining the influence of the prior distribution on posterior probabilities, that is, it is directly linked with the inaccuracy of C. Specifically, a large value of s leads to a high imprecision of C, while small value of s causes low uncertainties.
As the posterior CDF (i.e. F (x|x)) is monotonically decreasing on α and monotonically increasing on β (see Appendix 2) . Then, we can get the upper and lower bounds of F (x|x), that is
Accordingly, the upper and lower bounds of R (x|x) can be given by
Similarly, the upper and lower bounds of E (X |x) can also be given by
It should be note that, E (·) refers to the mean life in this paper. SoĒ (X |x) and E (X |x) are the upper and lower bounds of mean life. 
IV. THE IMPACT OF SOME PARAMETERS ON THE IMPRECISE MODEL A. DETERMINATION OF PARAMETER S
To determine the value of parameter s, we set the interval width of mean life. Let E =Ē (X |x) − E (X |x) = ε, and ε is a fixed value. According to (21) , we have
By solving (22), the value of parameter s can be determined. Once parameter s is determined, we can set the same s to study the impact of available lifetime data size N on the imprecise model.
B. PARAMETER S AND AVAILABLE LIFETIME DATA SIZE N
In this section, the impact of parameter s and available lifetime data size N on the imprecise model are analyzed. Besides, more discussions about the proposed model are also conducted.
In the first part, the impact of the parameter s is studied. Here, 15 available lifetime data sampled from a threeparameter generalized inverse Weibull distribution GIW (8, 3, 2) are utilized. Then the upper and lower bounds of reliability function with respect to different values of the parameter s (1, 2, 5 and 10) are depicted in Fig. 2 . The larger the value of the parameter s, the wider the interval width, but this also reduces the accuracy of the interval estimation. Therefore, the appropriate value of the parameter s should be determined when performing the reliability analysis. Table 1 depicts the intervals of the mean life with respect to different values of the parameter s (1, 2, 5 and 10) under the same lifetime data. It can be seen that, the change of the width of mean life intervals is the same as that of the reliability function. When s=1, the interval of the mean life does not contain the real value of mean life. In the second part, we focus on the impact of available lifetime data size N. Similarly, the available lifetime data are also sampled from the three-parameter generalized inverse Weibull distribution GIW (8, 3, 2) . Under the condition that parameter s=10, the upper and lower bounds of reliability function and the intervals of mean life with the sample size of lifetime data (N = 5, 10, 20 and 50) are depicted in Fig. 3 and Table 2 , respectively. The results show that, when the available lifetime data size N increase, the width of intervals of the reliability function becomes narrow. For instance, when N=50, both the lower and upper bounds of mean life and the lower and upper bounds of reliability function are very close to the real value. Eventually, the lower and upper bounds of reliability function will converge to the real reliability function. The change of the width of mean life intervals is the same as the reliability function.
C. SCALE PARAMETER A AND SHAPE PARAMETER B
According to (20) and (21), the lower and upper bounds of the imprecise model are not only related to parameter s and available lifetime data size N, but also linked with the scale parameter a and the shape parameter b. In this section, the impact of the two parameters a and b on the proposed model are introduced. Here, we apply the IGDT [20] , [25] to depict the uncertainty, and the envelope of bound function can be defined as
where u (t) is a known function determining the shape of the envelope, and the parameter γ determines the size. Usually, ψ (t) is the estimated value of ψ (t) from the obtained history data through some estimation methodologies such as MLE.
Supposing the MLE of parameters a and b areâ andb, respectively. According to (23) , the envelope of the bound function about a and b can be express as
Here, 15 available lifetime data used are sampled from the three-parameter generalized inverse Weibull distribution GIW (8, 3, 2) . According to IGDT, we let the MLE of parametersâ = 8 andb = 3, and set s = 5, µ = 0.1 and ν = 0.2. By referring to (24) , the ranges of parameters a and b can be given by a = 
D. CONVERGENCE OF THE IMPRECISE MODEL
In this section, some convergences of the imprecise model are introduced and proved, specific as follows.
It can be proved that the upper and lower bounds of functions in (19) and (20) converge to the same function (see Appendix 3) as below
Besides, the upper and lower bounds of mean life in (21) converge to the same value (see Appendix 4) , that is
According to (19) , (20) and (21) . Supposing that F (s), R (s), and E (s) denote the difference value of upper and lower bounds of functions and the difference value of upper and lower bounds of mean life, respectively. Thus, they can be expressed as
Then we have (see Appendix 5 and Appendix 6)
where s 1 and s 2 is the different values of the parameter s. Furthermore, p −→ denotes convergence by probability. Equation (28) demonstrates that the limit convergence rate of difference values is inversely proportional to the parameter s.
V. EXAMPLE OF VERIFICATION
In this section, we consider a simulated robotic component's data set of size N =30 with (a = 9.5436 and b = 3.2708). The 30 simulated lifetime data are given in Table 3 .
Here, in order to verify the validity and feasibility of the imprecise model, we consider the first 20 data from Table 3 as the right-censored ones for analyzing the reliability of the robotic component. According to sections above, the appropriate value of parameter s should be determined before doing the reliability analysis. Referring to (22) and the complete simulate lifetime data in Table 3 , we set ε = 5, then s = 6.0670 can be obtained. The simulation of reliability function for right-censored lifetime data based on Gamma-generalized inverse Weibull model is depicted in Fig. 5 . In this figure, the reliability function of the three-parameter GIW (9.5436, 3.2708, 2) is also depicted. By using (21) , we can calculate the interval of mean life, that is (13.1112, 16.3408). While the real mean life of GIW (9.5436, 3.2708, 2) is 15.4206, which is between 13.1112 and 16.3408. Therefore, the imprecise model presented in this paper is suitable for analyzing the reliability of the robotic component with the incomplete lifetime data.
VI. CONCLUSION
In this paper, a new imprecise model called imprecise Gamma-generalized inverse Weibull model based on the three-parameter GIW distribution has been proposed. Simultaneously, some characteristics of the imprecise model have also been derived. Aiming at the incomplete lifetime data, the proposed imprecise method can obtain the upper and lower bounds of reliability function, the interval of mean life, etc. The example using the simulated data verified that the proposed model could do the imprecise reliability analysis for the robotic component. Though this imprecise model needs estimated value of some parameters before inferring the imprecise reliability, it can provide the effective method of interval estimation. In future work, the real lifetime data will be used to verify other performance of this imprecise model.
APPENDIX

A. APPENDIX 1
Applying Bayesian theory into calculating the expectation for the imprecise model, we have (29), as shown at the bottom of the next page.
B. APPENDIX 2
As we can know that α, β ∈ (0, s) and parameter s > 0, then we have
It is easy to know that
Then it can be proved that
Thus we can obtain that ∂F(x|x) ∂α < 0. Obviously, it can be proved that
According to the proofs above, we can obtain that F (x|x) is monotonically decreasing on α and increasing on β. 
The limit for upper bound of can be given by
And the limit for lower bound of F (x|x) can be given by
Thus, we can prove that lim N →∞
Similarly, it can be proved that
It can be proved that 
Similarly, it can be proved that lim N →∞Ē
Thus, we can obtain
And using the limit formula lim
Obviously, we can obtain
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